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1. INTRODUCTION 
In this paper we study the singular convergence of solutions to a damped 
compressible Euler flow in one dimension of space, with a polytropic equa- 
tion of state, when the inertial terms tend to zero in a suitable resealing. 
More precisely, we consider for all E > 0 the system of equations (see the 
appendix) 
~(/fzP)~ + (qP(uE)* + p”), = -ku” 
p& = p(p”) = c(p”)’ 
(1.11, 
PYX, 0) = PO(X) 2 0, Jex, 0) = u,(x), 
where k > 0, c > 0, p is the density, u the Eulerian velocity and y is the 
adiabatic exponent, that is y = 1 + 2/n, n denoting the number of degrees of 
freedom of the molecules (here n 3 3 because of the presence of three trans- 
lational degrees of freedom). We shall study the behavior of solutions of 
( 1.1 ), as E 10, and we will show that there exist limit functions p and u such 
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that, as E JO, @ + p in Lff,, uE + u in L2 weak and & uE + 0 in Lfb,, for 
all p E ] 1, + co [. Moreover, p satisfies, in the sense of distributions, Darcy’s 
law 
P(P),= -ku (1.2) 
so that, as a consequence, p is a weak solution of the “porous media” 
equation 
yc (Py+l).x.x “=k(l;+ 1) 
(1.3) 
.4x, 0) = PO(X) 2 0. 
This result is formally analogous to the one proved in [MMS], concerning 
the relaxation of Cattaneo’s model of heat conduction, with finite propaga- 
tion speed, to the nonlinear Fourier law on heat diffusion. Indeed, if we 
transform system (1.1 ), using Lagrangian coordinates, denoting by U and 
V the Lagrangean velocity and the specific volume, and by < and z the new 
space-time coordinates, we obtain the system 
v, - v, = 0 
&U,-p(V)5= -uv (1.4) 
(see also [W], whose recent results on the relations between the 
Lagrangean and Eulerian approaches carry on to our situation as well). 
This research is part of a program to investigate some relations between 
the theory of nonlinear hyperbolic equations and degenerate diffusive 
phenomena, with the hope of contributing to the understanding of the 
hyperbolic nature of porous media flows. This topic has been the subject of 
extensive recent studies: see for instance [Va; AV; Ma 1; Ma 21; more 
generally, Tai-Ping Liu [TPL] proved, using an approach from the theory 
of nonlinear waves, some properties of relaxation to parabolic equations 
for genuinely nonlinear nonhomogeneous hyperbolic systems. A general 
result on the convergence of smooth solutions of damped second order 
quasilinear hyperbolic equations to the corresponding parabolic limit can 
be found in [Mi]. In another paper [MM] we consider an alternative 
approach to the theory of porous media, which seems to be particularly 
interesting for low values of the Reynolds number, when the full equations 
are usually replaced by their linear approximation. We refer to [Sm; M] 
for a general background on nonlinear hyperbolic systems, and to [A] for 
a survey on porous media equations. 
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The plan of this paper is as follows; at first we recall the existence theory 
for compressible Euler flows, due to DiPerna, for the homogeneous case 
(corresponding to k = 0 in (1.1 ),), and how these results can be adapted to 
the nonhomogeneous case; applying this theory directly, we obtain 
solutions to (i.l), for each fixed E > 0. Next, we provide estimates on the 
solutions of (1.1 ), that are independent of E, and extract weakly convergent 
sequences of solutions as EL 0; we proceed then to show that the weak 
limits of these sequences are indeed solutions of the reduced problem 
corresponding to (l.l), when E = 0. We conclude then, as in [MMS], with 
some remarks on the existence of Lyapounov’s functionals for the porous 
media equation, which can be found as weak limits of the convex entropies 
of ( 1.1 ), as E JO. It would of course be of great interest to extend at least 
some of these results to the case of several space variables; we hope to 
study this problem resorting to the recent results of [DM 1; DM 2; DM 33. 
2. RECALL OF PREVIOUS RESULTS 
We are concerned with the homogeneous system describing the 
compressible Euler flow 
(PU), + (PO2 + PL = 0 (2.1) 
P=P(P)=Y-w 
and to its nonhomogeneous counterpart 
(P-J), + (P’ + P), = -ku, k>O 
(2.2) 
(compare with (l.l), with E = 1). As we mentioned in the introduction, the 
existence of solutions to (2.1) has been established by DiPerna in [DiP 11, 
in the case y = 1 + 2/(2m + l), m > 2 integer, using the methods of vanishing 
viscosity and compensated compactness. We can summarize his result in 
the following 
THEOREM 2.1. Suppose that the initial data p,(x) and u,,(x) approach a 
constant state p, 6 as 1x1 + co, and satisfy the conditions 
po-p, q-6EC2nH2, PO(X) 2 P* > 0, 
s +I ((po(~)-P)~+(uo(x)-U)~} dx< +co. 
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Then there exists a global solution (v, p} to the Cauchy problem for (2.1), 
such that p 2 0 and 
p(., t)-D,v(., t)-vELZ, V’tLO. 
We recall that similar results, with improvements on the values of y, have 
been proved in [DCL 1 ] using Lax-Friedrich’s scheme, and have recently 
been extended in [DCL 21 to nonhomogeneous ystems (although these 
results cannot be used for the inhomogeneity appearing in (1.1 ),). A further 
improvement on the range of the adiabatic exponent y, namely y E [ 1, 5/3], 
has been given in [CG]; other existence theorems for the Lagrangean 
equations of a polytropic gas have been proved in [Ni] for y = 1, and in 
[Sm] when 1 < y < 3: using Glimm’s difference scheme (see [Sm] ), the 
existence in the large of weak solutions is obtained under the restriction 
that (y- 1) TV(v,, pO} be small. See also [LLW], [WLH] and [Se] for 
other related results. 
Systems (2.1) and (2.2) are hyperbolic, and can be written in the general 
form 
U,+f(Wx=O (2.3) 
u, + f ( U), = g( U)t (2.4) 
where U = U(x, t) E [w” (here n = 2): we recall that the system of conser- 
vation laws (2.3) is said to be [strictly] hyperbolic if the matrix f’(U) 
prossesses n real [distinct] eigenvalues Ij = J,j( U), j = 1, 2, . . . . n, so that we 
can assume A,<&< ... < ,I,,. Let r, = rj( U) denote the right eigenvector 
corresponding to Ij( U), i.e., satisfying the relation 
f'(u) rj(u)=~j(U) r,(u); 
system (2.3) is said to be genuinely nonlinear in lj if 2, is strictly monotone 
along the integral curves of ri, that is if r, .Vlj#O. For the compressible 
Euler flow Eqs. (2.1), the two eigenvalues are 2, = v $ c, where c = m 
is the speed of sound; note that when p = 0 the two eigenvalues coincide, 
so that we lose the strict hyperbolicity. The Riemann invariants for system 
(2.3) are the functions R, = R,(U) defined by the equations rj .VR., = 0; for 
(2.1) the two Riemann invariants are then given by 
R, =R.(u,v)=vi.j~dp=v~6-1pe, 
where 8 = i(y - 1). The entropy pair q = q(U) and q = q(U) for system (2.3) 
is defined by the equation f'(U) Vq( U) = Vq( U); the compatibility relation 
curl(f’( U) Vq( U)) = 0 yields, when applied to system (2.1), the linear wave 
equation in q 
rl PP (2.5) 
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which can be solved under suitable Cauchy data, of the form 
The choice CI = 0 corresponds to weak waves, while strong waves 
correspond to a # 0; hence, weak entropy waves can be represented by the 
integral formula 
q=c s R+ [(R, -S)(S-R-)-yp(s)ds, c = C(Y), (2.7) R- 
where A= (3 -y)/2(y - 1) (see [DiP l] for details). For 1 <y 6 3 the 
Cauchy problem is not well posed on p = 0, but the representation formula 
(2.7) still makes sense for weak waves; if 1 < y < 3, strong waves have a 
trace on p = 0, but the normal derivative blows up; note that when y = 3, 
(2.5) reduces to a constant coefficient wave equation. We also recall 
that using the Riemann invariants as a new coordinate system, (2.5) is 
equivalent to the Euler-Poisson-Darboux equation 
a+a-4=R tR (8, q-a- 4, + (2.8) 
where 8, = d/iYR+ and ;1 is as above; the Cauchy data for (2.8) take the 
form 
lim 4R + 
(R+--R-)-r0 
-R~)b(a+~-a~q)=B(R+), 
where a = ((y + 1)/4)‘, b = (y - 3)/(y + 1); in particular, when y = 1 + 2/n, 
we have A= i(n - l), which implies that the hypergeometric Riemann 
function for (2.8) reduces to a polynomial. The class of solutions of (2.3) 
or (2.4) obtained by DiPerna is that of the so called “viscosity solutions”: 
these are obtained as limits, when 6 JO, of solutions of the parabolic 
systems 
u, + f( a = a U) + 6 u,, (a = 0, 11, (2.9) 
the limiting process being carried out resorting to compensated compact- 
ness ([Dip 2; Ta; Se; D] ), under the fundamental assumption that a 
uniform estimate 
IV L” d c, (2.10) 
C > 0 independent of 6, be available. Such an estimate is indeed available 
when (2.9) admits an invariant region K (we recall from [Ba] that if K is 
invariant for (2.9) with c1= 0, it is also invariant for (2.9) with CI = 1 if 
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n .g(U) 60 at all points U of the boundary aK, and the invariance with 
respect to (2.9) carries on to all viscosity solutions of (2.3) or (2.4)). For 
system (2.1), an invariant region has been constructed in [DiP 1; DCL 1, 
DCL 21: with the change of coordinates m = pv, (2.1) becomes 
P, + m, = 0 
m2 
m,+ ( 1 P+p =O; x 
setting then R, (p, m) = m/p f p’/O, it is shown that for all Ry , Rt E [w, 
with R’? ,< R:, the domain 
C={(p,m)lR+<R~, R-aRy, R+-R-20) 
is invariant for the Riemann problem corresponding to (2.11), so that we 
can apply the theory of [CCS] and deduce the invariance of C for the 
viscous approximations or the Lax-Friedrichs’ scheme. In particular (see 
Fig. l), C is bounded by the curves 
and since g(p, m) = - ($U), we have that for all (m, p) E rk, with p # 0, 
n.(_Ok,)=n.(~,P,,,,)dO. 
When p = 0, the situation is singular, because the normal n to aK is not 
well defined: in fact, when (p, m) E r+ , we have 
lim m = f c, 
PlO P 
FIGURE 1 
THE ONE-DIMENSIONAL DARCY'S LAW 135 
so that we cannot prove the invariance of C for Eq. (2.2); nevertheless, we 
shall be able to describe quite a large class of solutions that do remain 
within Z. Let us consider now the viscous approximations to (2.2) in the 
(p, m) coordinates: the corresponding viscous compressible fluid flows 
satisfy (see also [DiP 11) 
m,+ =6m,,-kp. 
x P 
(2.12) 
We can obtain energy type estimates on the solutions of this system, just 
adapting DiPerna’s ones: defining the “internal energy” 
we have the following 
PROPOSITION 2.2. A!1 solutions to (2.12) satisfy the bounds 
the constants being independent oft and 6. 
We refer to [DiP l] for the proof of this Proposition, which is based 
essentially on the energy method, and makes use of the “mechanical 
energy” entropy pair. Exploiting the convexity of C it is also possible to 
obtain L” a priori bounds for the density: indeed, if we consider an initial 
density p. which is far from the vacuum (as in [DiP 1 I), the corresponding 
solution density will never reach the vacuum in finite time (so that it is 
possible to use the theory of [Ba; CCS]). In fact we have the following 
PROPOSITION 2.3. Let po, uO satisfy the assumptions of Proposition (2.1): 
then the solutions of (2.12) remain in C for all t > 0. 
We postpone the proof of this Proposition to the next section, where we 
shall reformulate this result in a more convenient way, taking into account 
the parameter E in (1.1 ),. 
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3. A PRIORI ESTIMATES FOR (l.l), 
In this section we establish a priori estimates for the solutions of system 
(1.1 )e, which are independent of E and thus allow us to study, using 
compensated compactness, the (singular) behavior of the solutions as E JO. 
To this end we introduce, as in [MMS], the resealing 
W(Y, 7) = P(Y, & z) 
Z(Y, T) = & m(y, 4 r)= & U(Y, & ~)P(Y, & ~1 
(3.1) 
for E > 0, y E R and r > 0. In the new coordinates (3.1), system (l.l), trans- 
forms into 
w,+zy=o 
;,+(~+P(r))~~,= -3;, 
(3.2) 
and the s-analogous of (2.12) into 
(3.3) 
with initial data 
W(Y, 0) = PO(Y) = W,(Y)? 4Y,o)=&J(Y)=zti(Y). (3.4) 
We shall obtain the desired estimates by means of propositions analogous 
to Propositions (2.3) and (2.4), concerning the resealed Eqs. (3.2), (3.3), 
and (3.4). More precisely, we claim: 
PROPOSITION 3.1. Assume that the initial data (3.4) satisfy 
O<p*dw,(y)<M,, IG(Y)I GM* (3.5) 
and that the assumption of Proposition (2.1) hold. Set 
c,(E)=max{R,(+&M,, *Ml), R.(+_&M,, +P*)>, 
(3.6) 
c(E)=max{c+(E), C-(E)}, 
where R + (p, m) = m/p + p’/O, 0 = i( y - 1 ), and define 
Z,= {(w,z)l -c(E)<R-(w,z)< +(w,z)<c(E)}. (3.7) 
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Then the solutions of (3.3) are contained in C, for all t > 0 and E > 0. This 
means, in particular, that if E -C 1 the following a priori bound, uniform in E, 
holds: 
w( y, T) 6 (&( 1 ))‘? (3.8) 
Moreover, w never reaches the vacuum: indeed, there exists a function 
o = a(z, E, 6) such that for all z > 0, 
W(J’, T) 2 a(? E, 6) > 0. (3.9) 
Proof We show that we can apply the theory of [CCS; Ba]. We 
remark right away that (3.9) follows immediately from the same argument 
of [Dip 1, p. 281: therefore, the origin cannot be an exit point for the flux. 
At the other points of the boundary of C, the external force field is smooth 
and the normal is well defined: indeed, we have 
where n, is the outward normal to Z’, in the halfplanes { k z > O}. Thus, 
g . n + Q 0 in all cases and, as shown in [CCS], the solution remains in C, 
for Al r > 0. Finally, we note that the curves 
l-,:z= TiWOI’ fCW (3.10) 
intersect at (0, 0) and ((c6)“‘, 0), therefore, since C(E) < c( 1) if E < 1, 
estimate (3.8) holds. 1 
We now use these estimates to pass to the limit in (3.3) as 6 JO: following 
[DiP l] exactly, we conclude that 
COROLLARY 3.2. For all T > 0, the solutions of (3.2) are limits a.e., as 
6 J 0, of solutions of (3.3), and are all contained in C, ; moreover, the resealed 
density w verifies the estimate 
o<w(y,T)<(Bc(l))“O. (3.11) 
These estimates can be translated in analogous estimates for the solution of 
the original system (l.l),, written in the (p, m) coordinates. Indeed, from 
the proof of Propositions (3.1) and (2.2) we immediately deduce 
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PROPOSITION 3.3. Assume that the initial data p0 and m, = p,,o, satisfy 
O<P*dPo(x)6M,, Imo(x)l d M,, (3.12) 
and that the assumptions of Proposition (2.1) hold. Then for all E -c 1 the 
solutions (rn’, p”} of (l.l), satisfy the estimates 
l&m%, t)l <(&c(l))“‘. 
O<p”(x, t)6(ec(1))““; 
moreover, defining 
A= 
we have that 
k j; j+: (5)’ dx dt < 24. 
(3.13) 
(3.14) 
A further consequence of (3.13) and (3.14) is the following 
COROLLARY 3.4. As ~10, ,,/%m’(x, t) +O a.e. in Rx R+. 
4. SINGULAR CONVERGENCE 
In this section we study the limiting behavior, as E 10, of the solutions of 
(1.1 ),. Our main tool is Tartar and Murat’s celebrated “div-curl” lemma of 
compensated compactness (see [Ta] ), which we summarize as 
LEMMA 4.1. Given two sequences { uE ) and {u’}, untformly bounded in 
L”, assume that {div u”} and {curl v”} belong to a compact set of H-‘, 
independent of E: then uEvE + u. v in L” weak *, where u = w*-lim uE and 
v = w*-lim 0’. Zf boundedness in L” is replaced by boundedness in L*, and 
compactness in H -’ by boundedness in L2, then uEvE -+ u . v in 9’. 
We apply this Lemma using the estimates obtained in Proposition (3.3): 
we have 
PROPOSITION 4.2. rf E < 1, the sequences {p”}, {Am’), and (m&/p&} 
are uniformly bounded in L”, L”, and L2, respectively: therefore, {p(p”)] is 
a bounded sequence in L” and 
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a,p& + a, d = 0 is bounded in L2, 
c(rn&)’ al&m&+ a, - PE +adw 
km” =-- 
PC 
is bounded in L’; 
therefore, if p = w*-lim p', p = w*-lim p(p”) as iz 10, 
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(4.1) 
(4.2) 
p”p(p”) -+ pjj in 9’. (4.3) 
ProoJ: Setting u” = {P’, mc }, Eq. (4.1) becomes div u” = 0. Since (m’ } 
may not be bounded in L”, we use the L2 part of Lemma (4.1): from 
(4.4) 
and Proposition (3.3), we see that {m’ 1 is bounded in L2, so that, given 
any region QCRxR+, (u”} ’ b 1s oun e in L2(Q) and {div U”} also. Set- d d 
ting then V”= { -.s((m”)‘/p2)-p(p”), cmE}, Eq. (4.2) shows that {curl V”} 
is bounded in L2(0), for all Q as before; since so is {v”}, we are in a 
position to apply Lemma 4.1, and deduce that the product 
U&V” = c(mE)2 - p”p(p”) - c(mE)2 = -p”p(p”) 
converges in 9’ to U. V, where 
U = w-lim U” = {p, m}, 
V= w-lim V” = {x, [}, 
X=w-lim ( -EOZ-p(p&) , PC > r = w-lim(sm”). 
In particular, we have that r = 0 because of (3.15), and since 
recalling (4.4) we see that x = w-lim p(p”) = j?: thus, UV = -p@ 
We now use Minty’s argument (see for instance [LJL]) to prove that 
jj = p(p). In fact, since the function p is monotone, we have that for any 
WEL* and VIZ:, with cp>O, 
(4.5) 
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because of Proposition (4.2) we have that, as E JO, 
J./ p(p”) ~“4 dx dt -+ SJ’ PP~ dxdt, 
so that from (4.5) we obtain that as ~10 
A(E) -+ A = J/(d - P(w))(p - w) cp dx dt > 0. 
Choosing then w = p + AZ, with A < 0 and arbitrary z E L”, we have 
B(1, z) = j{ (p - P(p + AZ)) zcp dx dt 
= ; /I( j - P(p + AZ)) izq dx dt < 0 
and, letting At 0, B(0, z) 6 0 for all z E L”, so that 
B(O, z) = /j-G - P(P)) z# dx dt = 0, 
which means that jj = P(p). 1 
Our next step is to prove the strong convergence pE + p in Lf,,, for all 
PE 11, + co[. To this end, we follow [Ta; DiP 1; DIP 2; DiP 3; DiP 43, 
and characterize the weak convergence by means of Young’s probability 
measures. We recall that given a sequence {a”} converging to a limit U in 
L” weak *, we can associate to {u”> a family {v~,, (A)} of probability 
measures, such that for any continuous function I;( .) the limit of {F(u’)} 
in the weak * topology is given by the expected value of F with respect o 
these measures; that is, if P= w*-lim F(u”), then 
p(x, t) = 1 F(%) v(,, ,,(dA) ae 
If V(x,t) = 6 u(.Y,r), convergence is strong in Lp for any p E ] 1, + cc [, and 
F(x, t) = lim F(u&(x, t)) = F( U(x, t)). 
In our case, we can show that v~,,~) reduces to a point mass, because p is 
a convex function: in fact we have 
PROPOSITION 4.3. Let PE C*(R) be such that p”(A)>0 VA (or 
p~C*([w- (0)) andp”(O)= +a): if 
PE+P and P(P”) + P(P) in L” weak *, (4.6) 
then pE -+ p in Lf,, strongly, for all p E ] 1, + co [. 
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Proof Let {v~,,,) } be the family of Young’s probability measures 
associated to the sequence {p”}: since pE -+ p in L” weak *, we can find a 
closed interval [a, b], 0 < a 6 b, such that supp v~.~,~) c [a, b]. For all 1, and 
I,, and some A* E (A, &), we can write 
P(A) - P(M = P’(&)(~ - Ad + iP’v*)(J. -w; 
if we choose 
we see that ~(1,) = p(p(x, t)) and by (4.6) we have 
so that 
s b (P(i) - P(M) v,.r,,,(~J) = 0. a 
On the other hand, we have 
so that we conclude that 
p”(A*)(l- M2 V(x,,,(dl) = 0 
and therefore, setting E = min p”(A), 1 E [a, b], 
that is, 
Thus, a = b and v~,,~) is a point mass. 1 
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We remark that this result can be applied to p(p) = cpy only if 1 < y d 2; 
however, the case y > 2, where E can be zero, can be recovered using the 
inverse function cp = -p- ‘. We summarize our result in the following 
THEOREM 4.4. Let {mE, p”} be a sequence of solutions of (l.l),, such that 
{p”, Am’} is uniformly bounded in L” and {mE/pE} in L2: then there exists 
peL” such that {p’,&m’}--+ {p,O} in Lf,,strongly,forallp~]l, +cQ[. 
We are now ready to present the main result of this paper: 
THEOREM 4.5. Let p = lim p’ and v = w-lim (m”/p”) in L2: then v and p 
satisfy Darcy’s law 
v=d,p(p) (4.7) 
at least in the sense of distributions (and in fact in L2). The limit density p 
is the weak solution to the Cauchy problem for the Porous Media Equation 
P,-MAP UP(P))) =O, (4.8) 
that isforalldECoD, supp#~RxR+, 
+5 fao 
J‘ s {4,P-k4xpp(pL) dxdt 0 ~3; 
+j+m 4(x,O)~o(x)dx=O. 
-m 
(4.9) 
Proof From the second of Eqs. (1.1 ), we deduce that 
8,(&m')+ 8, (m&J2 E-+p(p’) 
PE 
= -kv’, 
so that for all 4~~3 
In this expression, the first integral vanishes as E 10, so that by Theorem 4.4 
we obtain 
jj P( P) 4x=k jj 4, 
which is Eq. (4.7) in 9’; however, since v E L2, 8,p(p) E L2 as well. If we 
now replace (4.7) in the continuity equation, we recover (4.8), which is the 
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equation describing the flow in a porous medium. Finally, from (4.7) we 
have that rn’ = pCuE -+ pp(p), in L2 weak; consequently, (4.9) follows, as 
E JO, from the identities 
+z +JL 
s s 0 
~oc {4,p”-k~,m”Jdxdt+?*+“~(~,O)p(x.O)dx=0. 1 
-z 
Remark 1. So far, we have always considered an initial datum 
pa(x) >p* >O, in order to tit into the theory of [DiP 11. However, in the 
limit process when E JO, we can consider varying initial data p:(x), 
uniformly bounded in L”, satisfying a positive lower bound of order O(E), 
and such that pi -+ p. in L”, with pa(x) 3 0. In this way the limit Eq. (4.8) 
will admit solutions which can touch the vacuum. 
Remark 2. The Cauchy problem for the Porous Media Eq. (4.8) is well 
posed in the weak sense of (4.9). In fact, it is possible to prove directly 
existence, uniqueness, and continuous dependence on the data for Eq. (4.9): 
we refer to [A] and the references therein. In particular, the uniqueness 
theorem guarantees (the existence of) a unique limit of the singular pertur- 
bation problem for (1.1 ), , as E 10. 
5. ENTROPIES AND LYAPOUNOV FUNCTIONALS 
Let us consider, for all E > 0, the entropy pairs (r~“, q’) associated with 
the homogeneous ystem for the compressible Euler flow, namely 
p;+mt=O 
Em;+ EoZ+p(pE) 
( PE ) 
(5.11, 
=O, 
x 
and let (q, q) be the pair corresponding to E = 1: it is not difficult to show 
that 
rl”h ml = & rl(~, &mJ 
4%, m) = 4h & ml. 
(5.2) 
These relations allow us to relate the thermodynamic properties of (l.l), 
with the qualitative behavior of the porous media flows, by means of the 
following result, which extends the one proved in [MMS, Proposition 2.91: 
PROPOSITION 5.1. Assume that q is convex, that q,,,,aO, ~~(0, O)=O 
and set F(d) = s’z 1(0,&x)) dx: then F is a Lyapunou functional for the 
505/84/l-10 
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equation of Porous Media flow, that is dF/dt < 0 along the solutions of the 
parabolic limit Eq. (4.8). 
Proof: Because of the convexity of 9 we have 
E”( t + h) < E”(t) - 0”, 
where 
E”(t) = 1’” tf(p’(x, t), m&(x, t)) dx 
-cc 
and 
here (pES, mE6) is the solution of the viscous approximation related to 
( 1.1 ),, and the w-limit is intended in the space of measures, the completion 
of L’ in the weak topology. Since 
we have 
q/L - 
P YI~,,,(P, b AmI dA 
so that 8” 6 0 and therefore, for all t 3 0 and h > 0, 
EE(t + h) < E”(t). 
Consequently, 
,b ltrn q(p”(x, t + h), fi mE(x, t + h)) dx 
-* 
45 
+4 
v(P"(x, t), &m%, t)) dx, --30 
so that by Theorem (4.4) it follows that 
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APPENDIX 
In the following section we will try to derive our model from the one- 
dimensional Navier Stokes equations for compressible fluids. Such deriva- 
tions invariably stem from statistical considerations and simplifications of 
the complicated microscopic flow picture. Although they do not contribute 
to the formulation of a new law, they confirm the belief that the Darcy’s 
law is of the nature of statistical result giving the empirical equivalent of 
the Navier Stokes equations. A simple approach, more heuristic than 
rigorous follows (see R. J. M. De Wiest [WR] and also [WH]). 
Let us denote by u(x, s) the pore velocity, by q(x, s) the specific dis- 
charge or Darcy velocity, namely, u = q/n, where n denotes the porosity of 
the medium, and by r(x, s) the fluid density. Moreover x and s denote 
space and time coordinates. Therefore, if we ignore the gravity effects, the 
Navier Stokes equations can be written in the following way 
nasr + a,(rq) = 0 
l/n a,(v) + l/n2 &(rq2) + &P = dn L4. 
The statistical averages, may essentially be summarized by the following 
assumptions, dimensionally correct 
Lq z -q/cd=, 
where c is a dimensionless parameter, and d is the pore size of the medium. 
Let /I = end’ be the intrinsic permeability of the medium; therefore, fi is 
only a function of the properties of the medium, that is proportional to L2, 
and that depends also upon a dimensionless hape factor, here represented 
by the product cn. 
Let us denote by E = l/n2, and by 
PC4 t) = 4x, tlJ3, 4x, t) = 4(x, t/J& 
we are interested to the case d$ 1, namely, n B 1, that is E < 1. Therefore 
the Eqs. ( 1.1 ), are fulfilled by p and u 
d,P + k(P) = 0 
where k = ,u/fl. 
E{&(PU) + +r(bu’)) + a,~= -ku, 
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